We analytically calculate the intrinsic spin-Hall conductivity (ISHC) (σ z xy and σ z yx ) in a clean, two-dimensional system with generic k-linear spin-orbit interaction. The coefficients of the product of the momentum and spin components form a spin-orbit matrix β. We find that the determinant of the spin-orbit matrix det β determines the effective coupling of spin sz and orbital motion Lz, and thus, explains the physical origin of the sign change of spin-Hall conductivity. This implies that det β exhibits a discriminant for the non-zero ISHC. Importantly, because the determinant of a matrix is independent of a change in coordinates, the effective coupling det β is independent of the direction of the applied electric field. Furthermore, as the ISHC is non-zero, the other discriminant ∆ β is obtained directly from our result. We show that ∆ β is related to the symmetry of energy dispersion. ∆ β = 0 corresponds to the energy dispersion with constrained 4-fold symmetry, and in this case, ISHC is a universal constant, and σ z xy = −σ z yx . When ∆ β = 0, that is, the energy dispersion lacks constrained 4-fold symmetry, the ISHC in general depends on the spin-orbit interaction, and σ z xy = −σ z yx . We further show that two maximum values of ISHC can be achieved (e/8π and e/4π) by tuning ∆ β. Certain systems that can have e/4π are also discussed. By investigating the equilibrium spin current, we find that det β determines the field strength of SU(2) non-Abelian gauge field.
I. INTRODUCTION
Within condensed matter physics, spintronics has in itself become a strong field for considerable research, owing to not only its potential applications in electronic technologies but also the many fundamental questions that are raised on the physics of electron spin. [1] Particularly, the spin-orbit interaction recently has strongly attracted the attentions of theoreticians and experimenters since it opens up the possibility of manipulating electron (or hole) spin in non-magnetic materials by electrical means. [2, 3] Since the theoretical prediction of the spin-Hall effect, the application of spintronics has seen considerable advancement. It was shown that the Mott-type skew scattering by impurities would result in separation of opposite spin states via the spin-orbit interaction to the impurity atom. [3] This is the extrinsic spin-Hall effect. Nevertheless, it has been found that in p-type [4] (Luttinger model) and n-type [5] (Rashba model) semiconductors, the spin-polarized current (electron or hole) can be generated by the intrinsic spin-orbit interaction in non-magnetic structure in the absence of impurity scattering, which is called the intrinsic spin-Hall effect (ISHC).
The calculation of spin-Hall conductivity (SHC) plays a crucial role in studying the spin-Hall effect as it can be in comparison with experimental result. The extrinsic spin-Hall effect was experimentally discovered in the * Electronic address: twchen@mail.nsysu.edu.tw three-dimensional (3D) n-type GaAs by optical means via spin accumulation at the edges of a sample [6, 7] and in two-dimensional (2D) n-type AlGaAs/GaAs. [8] The experimental value of the magnitude of SHC [−0.5( −2/e mΩ )] in Ref. [6] is in agreement with its theoretical value [0.9( −2/e mΩ )]. [9] In 2D p-type AlGaAs/GaAs [10] , the experimental value of SHC [2.5(e/8π)] also agrees with the theoretical value [1.9(e/8π)] in order of magnitude. [11] . Particularly, in Ref. [11] , the clean limit is considered in the calculation. In 2D n-type InGaN/GaN, the straindependent intrinsic spin-Hall effect detected by optical means is explained in terms of SHC in which the strain effect is included. [12] In 3D metal Pt wire, the large ISHC measured electrically throughout the inverse spinHall effect at room temperature is 240( /e Ωcm ). [13, 14] It was theoretically explained in Ref. [15] on the basis of the huge Berry curvature [16] near the Fermi level at the L and X symmetry point in the Pt Brillouin zone; the obtained theoretical value of ISHC is 200(
/e
Ωcm ) in the absence of impurity scattering. Most recently, a large spinHall signal is observed at room temperature in FePt/Au multi-terminal devices. [17] It has been proposed that a strained semiconductor results in k-linear spin-splitting. [18] Nevertheless, straininduced spin splitting together with the spin-orbit coupling of the host semiconductor can be simplified and expressed in terms of the coefficients of the spin-orbit matrix [see Eq. (4)]. In order to investigate the influences of these complicated spin-orbit interactions on spin-Hall current systematically, in this study, we focus on generic 2D k-linear spin-orbit coupled systems without impurity scattering. We find that the ISHC can be calculated an-alytically and that its magnitude and sign change can be described in a unified way.
A typical example of a 2D k-linear system is the Rashba-Dresselhaus system. The ISHC has a universal value e/8π and it sign changes because of the competition of Rashba and Dresselhaus coupling strengths. [19] Similar to the sign change of ISHC in Rashba-Dresselhaus system, we will show that the ISHC sign in the generic 2D k-linear systems can also be changed by tuning spin-orbit interactions, and that the sign change leads to the fact that ISHC must cross zero. The two results are uniquely described by the determinant of the spin-orbit matrix, det β, defined in the next section [see Eq. (14)]. We also show that det β physically expressed as the effective coupling of spin z-component s z and orbital angular momentum L z . As a result, the vanishing spin-Hall conductivity corresponds to the decoupling of spin and orbital motion.
Importantly, by analytically calculating the ISHC, we find that ISHC can have a value higher than e/8π in certain systems. Unlike in the Rashba-Dresselhaus system, we show that the maximum value of ISHC in a generic k-linear system is e/4π. The variation between e/8π and e/4π can be obtained by tuning the spin-orbit interaction, such as Rashba coupling controlled effectively by gate voltage [20] and strain-induced splitting by Laser. [12] Our present paper is organized as follows. In Sec. II, we define the spin-orbit matrix obtained from the coefficients of the product of momentum and spin. The intrinsic spin-Hall conductivity is shown to be proportional to the determinant of spin-orbit matrix det β. We also use Foldy-Wouthuysen transformation to show that the effective coupling of the spin z-component s z and orbital angular momentum L z is − 2m 4 det β. In Sec. III, we analytically calculate the ISHC of the generic k-linear system. Our calculation results show that in general the ISHC depends on the strength of spin-orbit couplings, and it is not necessarily a universal constant. Furthermore, we define the other discriminant ∆ β and show that for certain systems, the ISHC can have a maximum value of e/4π. Realistic systems having higher values of ISHC are also discussed. In Sec. IV, we study the relationship between the symmetry of energy dispersion and the asymmetric properties of ISHC. In Sec. V, we discuss the relationship between equilibrium spin current and spinorbit matrix. Similar to the ISHC, the equilibrium spin current is related to det β. We show that det β plays the role of color magnetic field strength. Our conclusions are presented in Sec. VI.
II. INTRINSIC SPIN-HALL CONDUCTIVITY
A. spin-orbit matrix and ISHC
The generic k-linear spin-orbit coupled 2D systems are related to the spin-orbit matrix β,
where the coefficients β ij represent the spin-orbit interactions in 2D systems. As an example, let us consider the pure Bychkov-Rashba system [α(σ x k y − σ y k x )] [21] , the pure Dresselhaus system [β(σ x k x − σ y k y )] [22] and the Dirac-type system [g(σ x k x + σ y k y )] [23, 24] ; the corresponding spin-orbit matrices for these systems are
respectively. Another example is the spin splitting in a bulk strained semiconductor. [18, 25] The spin-orbit matrices β 1 and β 2 denote, respectively, the system with structure inversion asymmetry (SIA) strain-induced splitting and the system with bulk inversion asymmetry (BIA) strain-induced splitting. They are given by
where the structure constant C 3 > 0 and D > 0. [18, 26] Thus, in addition to SIA and bulk-inversionsymmetry breaking induced spin-orbit interaction, the strain-induced spin splitting is included in the spin-orbit matrix elements. Accordingly, we do not pose any restrictions on the spin-orbit matrix elements in the following calculations. The 2D Hamiltonian can be written as
where ε k = 2 k 2 /2m and σ i (i = x, y) are the Pauli spin matrices. The momenta k x and k y are parallel to [100] and [010] directions, respectively. The interplay of various spin-orbit interactions is described by the combination of spin-orbit matrices. For example, the Rashba-Dresselhaus system, the spin-orbit matrix is given by β D + β R and the corresponding Hamiltonian is
For calculating ISHC, we further rewrite Eq. (4) in the following form.
where
The eigenenergy is E nk = ε k −nd for two branches n = ±, where the dispersion term
The energy dispersion Eq. (8) satisfies Γ(φ) = Γ(φ + π) because the time-reversal symmetry is preserved. For a positive chemical potential (µ > 0), the Fermi momenta for two branches satisfy the following condition
The ISHC can be evaluated by using the Kubo formula [27] 
Q z ij (ω) is the spin current-charge current correlation function. The index j represents the direction of applied electric field and i the direction of response current. The conventional definition of spin current is J
, and charge current is defined as J j = e ∂H ∂ kj . From the standard approach, it can be shown that [29] 
where f k± represents the Fermi function for two energy branches. Note that the correlation function contains the kinetic term. Next, we focus on spin-Hall conductivity in the static case (ω = 0). When an electric field is applied in y direction ([010]), and the spin-Hall response in x direction ([100]) is given by
(12) Substituting Eqs. (6), (7), (8) , and (9) into Eq.(12) and using the replacement
where det β stands for the determinant of the spin-orbit matrix β
Equation. (13) indicates that the spin-Hall conductivity vanishes when det β = 0. For example, in the RashbaDresselhaus system ( β R + β S ), we have β xx = β, β xy = α, β yx = −α, β yy = −β, and det β = α 2 − β 2 . Therefore, when α 2 = β 2 , the spin-Hall conductivity vanishes. It has been shown that the the vanishing spin-Hall conductivity in the Rashba-Dresselhaus system results from the fact that the orbital motion is decoupled from the spin z-component when α 2 = β 2 .
[30] We can generalize this argument to a generic k-linear system and show that the decoupling of orbital motion from spin is related to Eq. (14) . This can be proved in the following subsection.
B. effective coupling of spin and orbital motion
We apply the Foldy-Wouthuysen transformation [31] to the Hamiltonian Eq. (4), and diagonalize the Hamiltonian up to some order of β ij . Because det β is order of β 2 ij , the unitary transformation that can diagonalize Eq. (4) up to second order is given by (see Appendix A)
where F x and F y are obtained by using the replacements k x → x and k y → y in d x and d y . It can be shown that
Using the unitary transformation Eq. (15) and Eq. (16), then Eq. (4) becomes (up to the second order of β ij )
It can be shown that
where L z = (xk y − yk x ) is the orbital angular momentum. Substitute Eq. (18) into Eq. (17), we obtain
Equation (20) shows that the coupling between orbital motion L z and spin z component σ z is proportional to det β. Therefore, Eq. (14) together with Eqs. (13) and (20) exhibits a discriminant for a non-vanishing spin-Hall conductivity:
Hence, based on the discriminant for k-linear system, we can justify the condition for non-vanishing SHC simply from the spin-orbit matrix β without calculating the SHC.
III. MAXIMUM VALUES OF ISHC
As shown in Sec. II, the determinant of the spin-orbit matrix, det β, is the effective coupling of s z and L z . Importantly, det β is independent of a change in coordinates, and thus, the strength of the effective coupling is also independent of the direction of the applied electric field. That is, if we change the coordinate (k x , k y ) to an arbitrary coordinate (k
However, the direction of the applied electric field may affect the value of ISHC in the sense that the symmetry of energy dispersion is determined by spin-orbit interaction. Therefore, in this section, we evaluate Eq. (13) and study the dependence of spin-orbit interaction on ISHC.
A. discriminant for maximum values
In order to evaluate the integral in Eq. (13), we transform the integral to the contour integral in a complex plane. If z is defined as z = e iφ , the integral becomes a line integral along a closed loop with unit radius. The function Γ(φ) [8] can be rewritten as
where " * " symbolizes the complex conjugate and
The integral in Eq. (13) can be evaluated by calculating the residue inside the unit circle |z| = 1. The conditions for the poles appearing in the unit circle indicate the boundary of change of ISHC in sign. By using the standard residue theorem [32] , the result is derived as
where Re(· · · ) represents the real part of a complex number. λ > (λ < ) is taken from the relative maximum (minimum) value of (|λ 1 |, |λ 2 |). That is, if
If det β = 0 in Eq. (25) , it cancels det β appearing in Eq. (13) . Combining Eq. (13) together with (24) and (25), we have
. We have sgn(det β > 0) = +1 and sgn(det β < 0) = −1. The real part of λ < /λ > in Eq. (26) can be written in terms of coefficients of spin-orbit matrix,
Note that in Eq. (27) , there is an absolute value of det β.
In the case |λ 1 | > |λ 2 |, we have det β > 0 and |det β| = det β. In the case |λ 1 | < |λ 2 |, we have det β < 0 and |det β| = −det β. We find that ij β 2 ij can be expressed in term of Γ(φ):
. Equation (26) is our main result. First, we find that if det β = 0, then its sign determines the sign of ISHC. Based on Eq. (25), the change in sign of ISHC can be simply determined by the sign of det β, and the physical origin of the sign change is described in Eq. (20) . The orbital motion L z couples to +σ z when det β > 0, while L z couples to −σ z when det β < 0. In the RashbaDresselhaus system, λ 1 = −2iα, λ 2 = 2β, we have det β = (α 2 − β 2 ) and the ratio of λ 1 and λ 2 is purely imaginary; the spin-Hall conductivity is a universal constant and changes sign by tuning the relative strength of spin-orbit interactions such that det β changes sign. This result is in agreement with the previous theoretical results [19] . Rashba coupling and Dresselhaus coupling are usually of the same order of magnitude in the GaAs quantum well. [33] In the II-VI semiconductor, Rashba coupling is larger than Dresselhaus coupling, while in the III-V semiconductor, Dresselhaus coupling would be larger than Rashba coupling. [33] In the narrow-gap compounds, Rashba coupling dominates. [34] In a pure Rashba system, det β R = α 2 is always positive, while in a pure Dresselhaus system, det β S = −β 2 is always negative. This implies that the same orbital motion couples to an opposite spin z component, and thus, the spin-Hall conductivity of the two systems is different in sign. [35] Unlike the 3D case, where the ISHC depends on Fermi momentum [4] , the ISHC in the 2D case is independent of Fermi momentum.
On the other hand, the ISHC generally depends on the spin-orbit interaction [Eq. (27) ], and it is not necessarily a universal constant. We note that the denominator of Eq. (27) is always positive. Nevertheless, the numerator of Eq. (27) can be either positive or negative. For convenience in the following discussion, we define
Equation (28) 
It has been shown that the torque spin-Hall conductivity is opposite in sign and twice as larger in magnitude when compared to the conventional spin-Hall conductivity. [35] The total spin-Hall conductivity only has an overall negative sign. The equality in Eq. (29) is valid only when Re(λ 1 /λ 2 ) = 0 or Re(λ 2 /λ 1 ) = 0; Eq. (27) gives the same result for both conditions: (β Interestingly, we find that if ∆ β < 0, then Re (λ < /λ > ) is negative and the spin-Hall conductivity satisfies
The spin-Hall conductivity still has an upper bounded value; however, it can exceed the value e/8π. The three conditions are summarized in Fig. 1 , where we define N = Re(λ < /λ > ) and it has been shown that |N | < 1. The spin-Hall conductivity |σ 
B. Realistic systems having higher ISHC
We discuss some specific systems that are possible to have ∆ β < 0. Consider BIA strain split described by the spin-orbit matrix β 2 and assume that (ǫ zz − ǫ xx ) > 0 and (ǫ zz − ǫ yy ) > 0. [18] We find that ∆ β = D 2 (ǫ zz − ǫ yy ) 2 − (ǫ zz − ǫ xx ) 2 , and it can be negative (∆ β < 0) provided that ǫ yy is larger than ǫ xx . Furthermore, take into account the Dresselhaus system, the spinorbit matrix β S + β 2 yields ∆ β = D(ǫ xx −ǫ yy )(2β +2ǫ zz − ǫ xx −ǫ yy ). Similar to the above case, we get ∆ β < 0 when ǫ xx < ǫ yy . On the other hand, the system with Rashba and SIA strain split terms has the spin-orbit matrix
Theoretically, strain tensor is symmetric ǫ xy = ǫ yx and ∆ β vanishes in β R + β 1 system. However, if ǫ xy < ǫ yx is experimentally exhibited, then the ISHC is expected to exceed e/8π. Consider the Dirac-Dresselhaus system whose spin-orbit matrix is given by β D + β S . For this system, we have ∆ β = 4gβ. This implies that if the Dresselhaus coupling β has an opposite sign to the Diraclike coupling g, then the spin-Hall conductivity can also exceed e/8π.
The measurable responses caused by the spin-Hall effect are very different from those in the present idealized system, which is infinite in size and does not include impurity scattering. Measurable quantities such as spin accumulation, however, depend on boundary conditions. The conserved spin-current considered in the present paper may correspond to smooth boundaries. [28] However, the presence of impurities can drastically affect clean limit results [36] [37] [38] [39] . In Ref. [40] , it was shown that impurity scattering does not suppress the spin-Hall conductivity in the spatially random Rahsba spin-orbit coupled system. In particular, the SU(2) formulation on extrinsic mechanism of spin Hall conductivity was recently investigated in Ref. [41] . However, the effects of a finite size and impurity scattering are beyond the scope of the present paper. Hopefully, our interesting predictions of higher intrinsic ISHC would stimulate measurements in 2D semiconductor systems in the near future.
IV. ASYMMETRIC ISHC AND THE SYMMETRY OF ENERGY DISPERSION
As shown in Sec. III, the ISHC in general depends on the spin-orbit interaction, and the dependence is described by ∆ β. In this section, we will show that ∆ β is related to the symmetry of energy dispersion. Therefore, we have to evaluate σ z yx . When an electric field is applied in the x direction, the spin-Hall response in the y direction is given by
The integration in Eq. (31) can also be calculated analytically as follows: 
The constrained 4-fold symmetry in the energy dispersion means that the two axes k x and k y are equivalent in the sense that the spin splittings along k x and k y directions are equal. This implies Γ(0) = Γ( π 2 ), and using Eq. (28) we obtain
As a result, the energy dispersion with constrained 4-fold symmetry implies that the ISHC is a universal constant and the response is symmetric σ z xy = −σ z yx . Both the pure Rashba and pure Dresselhaus systems have circular energy dispersion, and thus, satisfy the constrained 4-fold symmetry. In the Rashba-Dresselhaus system, the energy dispersion satisfies constrained 4-fold symmetry with respect to the k x axis and k y axis. If the energy dispersion lacks constrained 4-fold symmetry, k x and k y are nonequivalent axes, thus leading to an unsymmetrical result σ z xy = −σ z yx . In this case, ISHC depends on the spin-orbit interaction (∆ β). However, it must be emphasized that the applied electric field causes a transverse spin rather than net charge current. The energy dispersion always satisfies Γ(φ) = Γ(φ + π) for arbitrary φ since the time-reversal symmetry is not broken. This means that the electron population in ±k x (or ±k y ) is the same.
Interestingly, even if the system has constrained 4-fold symmetric energy dispersion in (k x , k y ) axes, the asymmetric response to an applied electric field may be observed. This is because the energy dispersion may lose the constrained 4-fold symmetry in the other (k 
where x ′ and y ′ represent [110] and [110], respectively. The ∆ β corresponding to the spin-orbit matrix in Eq. (35) is ∆ β = −4αβ. Using Eq. (27), we can show that [42] Because the determinant is independent of change of coordinate, det β in this case is still α 2 − β 2 .
V. EQUILIBRIUM SPIN CURRENT AND SPIN-ORBIT MATRIX
We now turn to the discussion on equilibrium spin current in this generic k-linear spin-orbit coupled system. In Ref. [43] , it was shown that even in thermodynamic equilibrium, spin current for the Rashba-Dresselhaus system does not vanish in the absence of external fields. This phenomena has arisen many discussions on the definition of spin current. [28, [44] [45] [46] [47] The possibilities to detect the equilibrium spin currents have been studied in Refs. [45] and [48] .
We calculate the equilibrium spin current by using conventional definition of spin current. In the case of the positive chemical potential (µ > 0), two branches are populated. In the absence of external fields, the equilibrium spin-current is the sum of the in-plane spin currents of the two branches
where i, j = x, y and |nk is the eigenstate of Hamiltonian Eq. (4). From Eq. (9) and k
where N F = m 2 /6π 4 . For specific systems, the result is in agreement with the previous results. In the pure Rashba system, where β xy = −β yx = α and β xx = β yy = 0, we have J In the pure Dresselhaus system, where β xx = −β yy = β and β xy = β yx = 0, we have J is related to the inverse of spin-orbit matrix
We find that det β also appears in the expression of equilibrium spin current Eq. (37). However, J σj i occurs in the third order of β ij . In this sense, Eq. (19) fails to explain the physical meaning of det β in this case (see Appendix). Recently, the equilibrium spin current in klinear spin-orbit coupled systems is found to be link to the non-Abelian SU(2) gauge theory, where the Pauli spin matrix serves as a color index in the gauge field. [49] The resulting color current satisfies covariant conservation. The equilibrium spin current obtained from the covariant conserved color current in the Rashba-Dresselhaus systems is in agreement with Ref. [43] . In the following, we apply this formalism to the generic k-linear systems.
The Hamiltonian Eq. (4) can be written in terms of SU (2) The physical meaning of det β in equilibrium spin current is now clear. The field strength in the SU(2) nonAbelian gauge field is given by [49] 
where Eq. (38) is used. We have F 
VI. CONCLUSIONS
In conclusion, we have shown that in 2D and k-linear spin-orbit coupled systems, the properties of intrinsic spin-Hall conductivity are governed by two quantities: det β and ∆ β. The determinant of the spin-orbit matrix (det β) is a discriminant for determining whether the spin-Hall conductivity vanishes. det β is physically expressed as the effective coupling of spin s z and orbital motion L z , and it explains the physical origin of the sign change of spin-Hall conductivity.
Furthermore, the dependence of spin-orbit interaction on the spin-Hall effect is related to the quantity ∆ β. The quantity ∆ β reflects the symmetry of the energy dispersion. The vanishing ∆ β corresponds to the system with constrained 4-fold symmetry, and the resulting ISHC is a universal constant. However, the non-zero ∆ β gives rise to the dependence of spin-orbit interaction on ISHC. Furthermore, the sign of ∆ β changes the upper bound value of spin-Hall conductivity. For a non-vanishing spin-Hall conductivity, we show that there always exists two maximum values that the spin-Hall conductivity can achieve: e/8π and e/4π. The conditions under which certain systems achieve a maximum value of e/4π are also discussed.
In addition, we show that the equilibrium spin current is proportional to ( β −1 ) ij (det β) 2 , and det β determines the field strength of SU(2) non-Abelian gauge field in equilibrium spin current.
Because H so is an odd matrix, we have to find a matrix S (1) to cancel this term. Namely, we require H (1) = 0 and
On the other hand, we note that H so is made up of the linear momentum k i , i.e., H so = σ x (β xx k x + β xy k y ) + σ y (β yx k x + β yy k y ) and ε k is proportional to k 2 , S (1) is obtained by the replacements k x → x and k y → y in H so . Take into account the constant 2 m , we have
iS
(1) = im 2 {σ x (β xx x + β xy y) + σ y (β yx x + β yy y)} .
(A5) Substitute Eq. (A5) into H (2) , after a straightforward calculation, we find that the last two terms [iS (1) We find that the term in [· · · ] is composed of odd matrices. Therefore, we must require H (3) = 0. In this sense, the next diagonalized part is order of β 4 ij .
Appendix B: equivalent axes
In Sec. IV, we have shown that the constrained 4-fold symmetry leads to vanishing ∆ β. In this appendix, we will show that when ∆ β = 0, the equivalent axes are at φ = 0, .
For non-vanishing ∆ β, the equivalent axes can be obtained by solving Eq. (B3). In particular, for vanishing ∆ β, we have tan(2φ) = 0, and the locations of equivalent axes are φ = 0, Conversely, in the pure Rashba (or pure Dresselhaus case) case, (β xx β xy + β yx β yy ) = 0 and ∆ β = 0. In this case, we have to use Eq. (B2) and we find that φ, the location of equivalent axes, can be arbitrary.
